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internal powered plume flow downstream of the actuator
disk. Under the conditions assumed, <t>t and <t>2 satisfy the
same (1-Mi-Mi (7+1)^)0^ + ̂ 4- <A r/r=0. For the
external flow, Cp = -2<t>x is referenced to upstream con-
ditions. For low-power levels, the internal Cp can also
be referenced to the upstream dynamic head Q, so that Cp
= -2<t>x+N> NQ being the total pressure jump. Our ap-
proach assumes that power effects act primarily through
slipstream boundary conditions rather than through changes
in governing equation. This approach is simple because
existing airfoil codes are modified easily. The matrix coef-
ficients related to the differential equation need not be
changed; in the difference algorithm used, the wake boundary
condition 0, (x,R) -<!>2(x,R) =«7 (*te»*>"~ *^ (*te»*)' ~ 1/2

N(x-xte) was applied on a mean radiusR, xte here referring
to the trailing edge. This reduces to the usual relation for
N=0. The nonlinear correction N(l -Aft) (<t>m(xte,R) -
(t>m (xte,R))/2 to the right side, where 0m = Vi (4/ +$;), was
also tested, and yielded no appreciable changes to results at
transonic speeds. The derivatives <t>r and <t>rr, incidentally,
were assumed to be continuous through the wake, so that
explicit difference formulas are possible; this assumes small
slipstream deflection angles consistently with small distur-
bance theory. The mean radius assumption, finally, is
justifiable on one-dimensional grounds, because area (and,
hence, raidius) changes are only weakly dependent on changes
in local Mach number; this and the use of fixed reference
conditions in the differential equation place some restrictions
on allowable pressure ratios.

III. Numerical Results and Closing Remarks
For simplicity, an external nacelle shape corresponding to a

10%-thick symmetric parabolic arc airfoil and an internal
circular cylinder were used, with a chord-to-diameter ratio of
2. A coarse 60x60 constant mesh was taken, and two
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freestream Mach numbers, 0.92 and 0.98, were considered, in
each case, assuming 7V=0 and a powered N=3 (large M^'s
and APs were chosen to test numerical stability). Computed
results should agree with this physical observation: engine
power addition increases the mass flow passed by the nacelle,
moving the inlet stagnation point from the inner toward the
outer surface. Thus, the external shock present in the un-
powered flow should disappear or reduce in strength in the
powered case. This is seen from Figs. 1 and 2. The external
shock present in the unpowered flows disappears completely
with power addition; in both powered examples, the internal
surface shows a localized and rapid inlet expansion peak
terminated by a shock wave, indicating a stagnation point on
the external surface that the fluid backs away from as it
speeds supersonically into the engine face. This simple test
problem, and several not reported here, show that the ap-
proach adopted here captures the basic feature of powered
flows.

While we have considered here axisymmetric nacelles only,
the basic ideas apply to three-dimensional flows as well, and
may be useful in nacelle and wing interference studies. Again,
as we have stressed throughout, our simplified approach
applies only to small total pressure increases. Using different
thermodynamic reference conditions would require the ex-
plicit use of actuator disk Fortran logic, plus additional
matching conditions needed for the assumed disk model. Our
column relaxation procedure, which ••"sweeps'- through the
disk from upstream to downstream without stopping, im-
plicitly yields smooth and continuous 0/s and </>/s, the
required pressure discontinuities appearing only when the
converged 4>(x,r) field is postprocessed using the respective
Cp formulas. It is hoped that these early encouraging results
will stimulate further research along these lines.
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fy (Z'V) = shape functions
f(e) ^ (j(e) _ kinetic or potential energy of an element
w = transverse deflection of plate
x,y = Cartesian coordinates
r/,£ = nondimensional coordinates
AC = curvature parameter
v,p = Poisson's ratio and the mass density of the plate
0 = aspect ratio, b/a
co = circular frequency, rad/s

Introduction

TRANSVERSE vibration of homogeneous plates has been
a subject of study for a long time. The problems of

vibration of rectangular and circular plates have been ex-
tensively investigated by many researchers and are well
documented. On the contrary, the work on triangular and
other polygonal plates is rather limited. Earlier work on the
triangular plates was restricted to delta (right angle) plates,1'2
isosceles, and equilateral plates.3'5 Gustafson and Stokey
attempted a more general problem of swept-back plates using
experimental techniques.6 Subsequently, several other at-
tempts were made7 on the dynamics of plates of nonlinear
materials.

In this Note, an attempt is made to present the effect of
sweepback angle on the vibration of triangular plates. A finite
element technique is used. The triangular plate-bending
element used here has nine degrees of freedom and was
developed earlier by Bazeley et al.8 While generating the data,
the authors felt that it would be convenient if the
mathematical expressions for various quantities associated
with this element were stated in terms of nondimensional
quantities. A brief description of the proposed non-
dimensionalization is given in the next section. Consistent
stiffness and mass matrices have been generated using a
numerical integration technique. The solution for the non-
dimensional frequency parameter and modal shapes are
presented graphically.

Fig. 1 Element with nodal degrees of freedom.

Solution Procedure
Figure 1 shows a typical triangular element with the nine

degrees of freedom H>/, Bxi, and 6yi9 where Bx and 0y represent
the rotations about the x and y axes given by -dw/dy and
dw/dx, respectively. The element chosen here is non-
conforming. The displacement function w(x,y) in its general
form is written as

(1)

Figure 2 shows the plate geometry with the orthogonal
Cartesian (x,y) axes as well as the nondimensional (£,17) axes.
Introducing the area coordinates / , / , /= 1,2,3 in Eq. (1) and
nondimensionalizing, we get

(2)

The shape functions jNit 2Ni9 3N{ for this element are

b3 (L]L2 + 1AL1L2L3) - b2 (L3L] + 1/2L1L2L3)

c3 (L?L2 +. tALlL2L3) -c2 (LjLj + MLjL2L3)

In the above matrices, the coefficients b and c are given by

(3)

C2=x1-x3, c3=x2-x1 etc. (4)

bi and c/ above can be easily nondimensionalized by dividing
the above parameters by b and a in that order, which yields

Fig. 2 Plate geometry and mesh pattern.

Table 1 Values of the nondimensional frequency parameter ft
for three aspect ratios

ft

1
2
3

4
5
6

1
2
3

4
5
6

1
2
3

4
5
6

0

0.9802
3.6703
5.2981

8.8992
11.8550
15.8305

0.5645
2.3880
3.5985

6.1263
8.5470

12.5137

0.3768
1.6599
2.8704

4.3755
6.9082
9.4412

Meg
15

Aspect ratio = 1
0.9213
3.3615
5.4044

8.2802
10.9585
15.8990

Aspect ratio = 1.5
0.6315
2.1833
3.6639

5.7313
7.9539

11.8966

Aspect ratio = 2
0.3577
1.5449
2.8924

4.1951
6.4392
9.2887

30

0.9178
3.3583
5.7216

8.6171
10.7308
16.3227

0.5277
2.1377
3.8834

5.8399
7.9899

11.6459

0.3545
1.5159
3.0675

4.3093
6.5828
9.2550

45

0.9501
3.6559
6.5044

10.0178
11.6129
18.1693

0.5453
2.2311
4.4109

6.3905
9.1103

12.1558

0.3681
1.5651
3.4527

4.7617
7.7187
9.5294
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R(SPAN/ROOTCORD) =1 .0

T.E. SWEEPBACK ANGLE=15.0*

T1/T0=1.0 T2/TO=1.0

N.D. FREQ FOR MODE 1=0-921

Table 3 Frequency parameter ft' (cycles)
for simple-supported equilateral plates

NON-DIM.FREO=5.404

MODE 4
NON-DIM.FREO=8.260

MODE 5
NON-DIM.FREO=I0.959

Fig. 3 Triangular plate mode shapes.

Table 2 Frequency parameter ft' (cycles) for right triangular plates

Mode
1
2
3
4
5
6

Experimental
values, Ref. 6

0.9238
3.6418
5.0878
8.7028

11,8091
15.4777

High precision
element, Ref. 9

0.9801
3.7302
5.1976
8.9385

12.1947
15.8847

Triangular element,
present authors

0.9803
3.6703
5.2981
8.8992

11.8550
15.8306

the following:

= £2-%1 etc.

This will facilitate the nondimensionalization of the shape
functions. With this assumption, the strain energy is written
as

(5)

In Eq. (5), the quantity within the brackets, i.e.,

is defined as the elemental stiffness, where the modified
nondimensional curvature parameter KN is defined as

The element kinetic energy can be expressed in a simplified
form:

Mode
n = m = l
n=l,m = 2
n = 2, m = 1
n = 2,m = 2

Ref. 5
8.380

19.531
19.531
33.32

Present authors
8.296

19.982
20.343
32.326

T=-pa2ha3b{w}neT\[ (6)

In Eqs. (5) and (6), the symbol ( " ) denotes non-
dimensionality.

Computation and Results
The computation is effectively carried out by varying two

geometric parameters, namely, the aspect ratio and the
sweepback angle 6 as shown in Fig. 2. Calculations have been
performed by setting Poisson's ratio j> = 0.3. It is convenient
to introduce a nondimensional frequency parameter 12, which
is defined as

Q = <*Jpa4<l>h/D (7)
In order to achieve proper convergence, several sets of

calculations are performed in which the number of elements is
varied. In this problem, good convergence is attained with 25
elements. A typical mesh is shown in Fig. 2. The stiffness and
mass matrices are generated by using a three-point numerical
integration scheme. Table 1 shows values of the non-
dimensional frequency parameter 12 for three aspect ratios,
0-= 1, 1.5, 2.0, and (9 = 0, 15, 30, 45 deg. As defined earlier, co
is in rad/s, consequently 12, as introduced in Eq. (7), is also in
radian units. However, for the purpose of comparison, the
values of 12 in Tables 1 and 2 are presented in cycle units.

Results for some delta triangular plates are available in the
literature.6'9 Some of the results obtained here for the case
0 = 0 plate can be compared with those in Refs. 6 and 9.

Table 2 gives the frequency parameter, converted to cycle
units, for the right triangular plates. Comparison has been
made with the experimental results found in Ref. 6 and with
the results obtained by using a high precision finite element.9

Comparing the present values with those in Ref. 6 for right
triangular plates shows a maximum discrepancy of 5.7%,
which occurs at the first mode. The rest of the frequencies
show even better agreement, which is within 3%. It can be
seen that, using the present simple and effective element, the
results are excellent, and the agreement between the last two
columns of Table 2 is very close. The maximum variation in
this case is 2.8%, which occurs for the frequency value of the
fifth mode. Table 3 shows the comparison of results for
equilateral triangular plates. The same element and the
solution routine discussed herein have been used to develop
results for equilateral triangular plates with all of its three
sides considered simple-supported. These values have been
compared with the analytical values generated by Williams et
al.,5 which are shown in column 2 of Table 3. As can be seen,
the results compare very well, and the maximum deviation,
which is 3.9%, occurs for the third frequency.

Figure 3 shows some typical mode shapes. The broken lines
in these figures show the undeformed plate. The solid lines
show the deformed configuration of the plate for specific
modes. The nodal lines are identified by small circles con-
nected by a thick solid line. The nodal line for the fun-
damental mode, which is not shown, will exist along the
supported edge.
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Integrated Thermal-Structural
Approach for Shells of Revolution
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Introduction

THE behavior of shells in severe thermal environments is
important in current research on aerospace vehicles. The

complex flowfields over missiles and other re-entry vehicles
subject their shells to severe aerodynamic heating which
requires detailed thermal and structural analyses. Practical
shell structures are often analyzed by coupling a finite dif-
ference thermal analysis with a finite element structural
analysis. Because of basic differences between analytical
models an efficient interface is difficult to achieve, and ex-
tensive data processing may be required between thermal and
structural analyses. The purpose of this Note is to present an
integrated thermal-structural analysis for two dimensional
shells of revolution. The integrated thermal-structural
analysis approach will be considered for thermal prestress
effects on aerodynamic instability of shells.

Integrated Finite Element Approach
To more fully develop the potential of the finite element

method for thermal-stress analysis the concept of integrated
thermal-structural analysis was proposed in Ref. 1. The
objectives of the approach are to provide more efficient
coupling of the thermal and structural analyses and improve
the accuracy of the thermal-stress analysis. The approach is
characterized by a common discretization for the thermal and
structural analyses utilizing improved thermal elements to
predict more detailed temperature variations, and equivalent
thermal loads computed with temperature distributions from
the improved thermal elements. The key to the approach is the

development of new thermal elements which predict more
detailed element temperature distributions while maintaining
a common discretization with standard structural elements.

The approach used in this Note is to couple a steady-state,
one-dimensional thermal finite element analysis with thick-
ness-averaged temperature to a two-dimensional membrane-
bending analysis of a shell of revolution. Since shell tem-
peratures are predicted exactly, the thermal prestress effects
on the structural response will be considered without loss of
accuracy in the structural analysis. The first step in the
solution is a thermal analysis whose results can either be nodal
temperatures, as in the conventional finite element approach,
or a temperature function, as in the integrated finite element
approach. In the integrated approach, the results of the
thermal analysis are incorporated consistently in a linear
structural analysis to obtain thermal prestressing in both the
circumferential and meridional direction. Herein lies the
difference between the integrated finite element approach and
the conventional finite element approach. In the conventional
finite element approach the structural analyst is furnished
only nodal temperatures from the thermal analysis; hence, the
analyst assumes a function (usually linear) to describe the
temperature between nodes to perform the necessary in-
tegration. However, in integrated finite element analysis there
is no need to make this approximation since the actual
temperature distribution is furnished from the thermal
analysis.

The membrane stress then can be incorporated via the
initial (or geometric) stress matrix to evaluate its effects on
aerodynamic instability (flutter). This is expressed by the
following eigenvalue problem:

(1)

where [Ke] is the linear stiffness matrix, [Kg] the initial stress
matrix, [Ae] the aerodynamic matrix, [M\ the mass matrix, X
the aerodynamic coefficient, and co the natural frequency.

Finite Element Modeling
The exact thermal finite element formulation is based on

conservation of energy for a shell of revolution. For
axisymmetric conditions the energy equation has the general
form2

(2)— \P(s)— \+Q(s)T=R(s)
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where the temperature T is a function of the meridional
coordinate s. Equation (2) may combine conduction with
convection, internal heat generation, or surface heating.

Exact interpolation functions for the finite element for-
mulation of Eq. (2) can be derived from the general solution
to the differential equation. By imposing the temperature
boundary condition at each end of the element, a finite
element interpolation function can be formulated in terms of
the meridional coordinate, the end temperatures Tl and T2,
and a nodeless parameter T0. An element's temperature
interpolation function is written as2

T(s)=N0(s)T0+NI(s)TI+N2(s)T2 (3)

Element interpolation functions derived in the form of Eq. (3)
are not generally the same as used in conventional finite
elements since they result from the differential-equation
solution. These functions may be simple polynomials or
transcendental functions depending on the solution of Eq. (2).
Exact expressions for the temperature interpolation functions
used in this Note are tabulated in Ref. 2.

For the structural analysis, a geometrically exact shell
element with seven degrees of freedom per nodal circle is
employed. The interpolation functions for this element are
expressed as a Fourier series in the circumferential direction


